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We perform a full three-dimensional study on miscible-immiscible conditions for coupled dipolar
and non-dipolar Bose-Einstein condensates (BEC), confined within anisotropic traps. Without
loosing general miscibility aspects that can occur for two-component mixtures, our main focus was on
the atomic erbium-dysprosium (168Er-164Dy) and dysprosium-dysprosium (164Dy-162Dy) mixtures.
Our analysis for pure-dipolar BEC was limited to coupled systems confined in pancake-type traps,
after considering a study on the stability regime of such systems. In case of non-dipolar systems with
repulsive contact intneeractions we are able to extend the miscibility analysis to coupled systems with
cigar-type symmetries. For a coupled condensate with repulsive inter- and intra-species two-body
interactions, confined by an external harmonic trap, the transition from a miscible to an immiscible
phase is verified to be much softer than in the case the system is confined by a symmetric hard-
wall potential. Our results, presented by density plots, are pointing out the main role of the trap
symmetry and inter-species interaction for the miscibility. A relevant parameter to measure the
overlap between the two densities was defined and found appropriate to quantify the miscibility of
a coupled system.
PACS numbers: 67.85.-d, 03.75.-b, 67.85.Fg
I. INTRODUCTION
Following the first experimental realization of Bose-
Einstein condensation (BEC) in 1995 [1], substantial
progress has been verified in experimental and theoret-
ical investigations with ultracold quantum gases, which
can be traced by several paper reviews on the subject
(as references in [2]), as well as by a recent book written
by experts in the field [3]. One can also follow the ad-
vances in quantum simulations and control of BECs in re-
views such as [4, 5]. From studies with ultra-cold atoms,
we can improve our understanding on quantum proper-
ties of a large variety of bosonic and fermionic systems,
as well as molecular configurations with different atomic
species. By controlling atomic properties potential tech-
nological applications exist from ultra-precise clocks till
quantum computation. In this respect, by considering
BEC mixing with different atomic and molecular config-
urations, also with degenerate complex atoms (alkaline-
earth, lanthanides) and Fermi gases, one can investigate
the crossover of BEC properties with Bardeen-Cooper-
Schrieffer (BCS) superconductivity, superfluid to Mott
insulator transition in bosonic and fermionic systems,
quantum phases of matter in optical lattices, ground-
state fermionic molecules [6].
BEC with two-components was first produced with dif-
ferent hyperfine states of 87Rb [7]. This is a simple exam-
ple of a multicomponent system made with a mixture of
two-species of bosons. Following that, one should notice
several investigations using binary mixtures. This can
be exemplified with works considering the dynamics of
binary mixtures with bosons and fermions [8]; studies on
the dynamics of phase separation and on how to control
it [9, 10]; also considering mixtures with different isotopes
of the same atomic species [11], or with different atomic
species [12]. As a relevant characteristics of multicompo-
nent ultracold gases, we have their miscibility behavior
which will depend on the nature of the interatomic in-
teractions between different species. Miscible or immisci-
ble two-component BEC systems can be distinguished by
the spatial overlap or separation of the respective wave-
functions of each component. Their phase separations
were observed in spinor BECs of sodium in all hyperfine
states of F = 1 [13]. The advances in the experimental in-
vestigations with multi-component BECs have activated
a large amount of theoretical descriptions applied to con-
densed mixtures having spatially segregated phases, by
studying their properties related to static and dynamical
stability [14–22].
Dipolar atomic and molecular systems, as well as mix-
tures with different dipolar atoms, have been explored in
theoretical works connected with BEC since 2000 [23, 24],
followed by several other investigations motivated by the
increasing experimental possibilities in cold-atom labo-
ratories to probe the theoretical analysis and eventual
proposals. The theoretical effort in this direction can be
traced back by the following sample works, Refs. [25–37].
A more complete bibliography on the subject, covering
experimental and theoretical approaches, can be found in
recent reviews and dissertations, as given in Refs. [37–41].
When considering the investigations with dipolar sys-
tems in cold-atom laboratories, the pioneer work is the
experiment with chromium 52Cr, reported in Ref. [42].
Among the works following that, we have the investi-
gations on the stability of dipolar gases [30], as well as
on collisions of dipolar molecules [43]. With ultra-cold
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2atoms having non-negligible magnetic moments, we have
experiments with dysprosium described in Ref. [44], con-
sidering the dysprosium isotopes 162,164Dy; and the in-
vestigation with erbium 168Er in Ref. [38] . More recently,
quantum droplets have being observed in a strongly dipo-
lar condensed gas of 164Dy [45], with new features being
verified for dipolar BECs, due to the competition between
isotropic short-range contact interaction and anisotropic
long-range dipole-dipole interaction (DDI).
By considering the quite interesting recent investiga-
tions in ultracold laboratories with two-component dipo-
lar BECs, studies on stability and miscibility properties
are of interest due to the number of control parameters
that can be explored in new experimental setups. The
parameters are given by the strength of dipoles, num-
ber of atoms in each component, inter- and intra-species
scattering lengths, as well as confining trap geometries
or optical lattices. Among the theoretical studies cited
above (most concentrated on stability of dipolar conden-
sates), we have some of them are particularly related to
miscibility of coupled BECs and structure formation, as
Refs. [19, 27, 33, 36].
In the present paper, our main proposal is to dis-
cuss miscibility conditions for general three-dimensional
(3D) atomic BEC systems, which are constituted by two-
coupled dipolar or non-dipolar species confined by asym-
metric cylindrical harmonic traps. Due to stability re-
quirements, the dipolar systems that we are considering
will be confined in pancake-type traps. In case of non-
dipolar coupled systems, we also discuss the miscibility
by considering cigar-type symmetries. For our study on
the miscibility, we start with a brief discussion by con-
sidering the homogeneous case. In order to simplify the
formalism and a possible experimental realization, both
species are assumed to be confined by a cylindrical trap
with the same aspect ratio. Without losing the general
conclusions related to miscibility of two-atomic dipolar
BEC species, most of our study will focus on the partic-
ular 168Er-164Dy and 164Dy-162Dy mixtures, motivated
by the actual experimental possibilities [38, 44].
Our numerical results for the coupled dipolar Gross-
Pitaevskii (GP) equation are presented by using differ-
ent parameter configurations for the trapping properties,
as well as for the inter- and intra-species two-body con-
tact and dipolar interactions. The parameter region of
stability for the dipolar system is discussed for different
trap-aspect ratio and number of atoms in each species.
As we are going to evidence, for a given mixture of two
condensates confined by harmonic traps, the main pa-
rameters of the system that are possible to be manageable
in an experimental realization with focus on the miscibil-
ity are the trap-aspect ratio and the two-body scattering
lengths (these ones, controlled via Feshbach resonance
techniques [5, 46]).
Within our full-3D model for the coupled densi-
ties, when considering pure dipolar systems trapped in
pancake-shaped harmonic potentials, we are also dis-
cussing some unusual local minimum structures and fluc-
tuations in the densities, which are verified when the sys-
tem is near the instability border (considering the critical
aspect ratio and atom numbers). These structures are
verified for coupled systems that are partially immisci-
ble (168Er-164Dy, in the present case), as well as when it
is completely miscible, such as 164Dy-162Dy. Such struc-
tures, verified for well defined trap-aspect ratio and num-
ber of atoms in stable configurations, suggest possible
experimental studies with two-component dipolar BECs,
considering miscible and immiscible systems.
The next sections are organized as follows. In
Sec. II, we present the general 3D mean-field formalism
(in full-dimension and dimensionless) for trapped two-
component dipolar BECs, together with the definition of
relevant parameters, as well as the numerical approach
we are considering. In Sec. III, we first write down the
miscibility conditions for homogeneous coupled systems,
followed by the definition of an appropriate miscibility
parameter, which is found appropriate to measure the
overlap between densities of a general coupled system.
Our numerical results are organized in two sections, in
order to characterize the main relevant conditions for the
observation of miscibility in coupled BEC systems. The
role of the trap symmetry for the miscibility, considering
different dipolar and non-dipolar mixed systems, is an-
alyzed in Sec. IV. In view of the particular relevance of
the inter-species two-body interactions on the miscibility,
the corresponding results are presented and discussed in
Sec. V. Finally, in Sec. VI, we present a summary with
our principal conclusions and perspectives.
II. FORMALISM FOR COUPLED BEC WITH
DIPOLAR INTERACTIONS
For a mixed system with two atomic species identi-
fied by i = 1, 2, having their masses, number of particles
and local time-dependent wave-functions given by mi,
Ni, and ψi ≡ ψi(r, t), respectively, the general form of
the mean-field GP equation, for the trapped system with
dipolar interactions, can be described by [25],
i~∂ψi(r, t)
∂t
=
[
− ~
2
2mi
∇2 + Vi(r) +
2∑
j=1
GijNj |ψj(r, t)|2 (1)
+
2∑
j=1
Nj
4pi
∫
d3r′V (d)ij (r− r′)|ψj(r′, t)|2
]
ψi(r, t)
where Vi(r) is the trap potential for each species i,
with V
(d)
ij (r− r′) defining the magnetic-type dipolar in-
teraction between particles i and j. The nonlinear
contact interactions between the particles are given by
Gij ≡ (2pi~2/mij)aij , where a11, a22 and a12 = a21
are the two-body scattering lengths for intra (aii) and
inter (a12) species, with mij being the reduced mass
mimj/(mi+mj). In the above, both wave-function com-
ponents are normalized as∫
d3r|ψi(r, t)|2 = 1. (2)
3For the confining trap potentials we assume harmonic
cylindrical shapes, with frequencies ωi and aspect ratios
λi, such that
Vi(r) =
miω
2
i
2
(r21 + r
2
2 + λ
2
i r
2
3), (3)
where it will be assumed that each species i is confined
by an angular frequency ωi along the x − y plane, ~ρ ≡
r1eˆ1 + r2eˆ2; and with λiωi along the z−direction r3eˆ3.
The trap will be spherically symmetric for λi = 1; will
have a cigar shape for λi < 1; and a pancake shape when
λi > 1.
For the magnetic-type dipolar interaction between par-
ticles i and j, with respective dipole momentum strength
given by Dij ≡ µ0µiµj (µ0 being the permeability in free
space and µi the dipole moment of the species i), we have
V
(d)
ij (r− r′) = Dij
1− 3 cos2 θ
|r− r′|3 (4)
where r− r′ determines the relative position of dipoles
and θ is the angle between r− r′ and the direction of
polarization.
Let us rewrite (1) in dimensionless quantities, with the
first component defining the scales for length, with l ≡√
~/(m1ω1) and energy, ~ω1. Within these units, we
introduce new dimensionless variables and redefine the
parameters such that
x ≡ r
l
= xeˆ1 + yeˆ2 + zeˆ3 ≡ ~ρ+ zeˆ3,
∇x = l3∇r, τ ≡ ω1t,
gij ≡ GijNj~ω1l3 =
2pim1aijNj
mij l
, σ ≡ m2ω
2
2
m1ω21
, (5)
a
(d)
ii =
Dii
12pi
mi
m1
1
~ω1l2
, a
(d)
12 = a
(d)
21 =
D12
12pi
1
~ω1l2
,
dij =
NjDij
4pi
1
~ω1 l3
.
With the above, and also by redefining the wave-
functions for the atomic species i, φi(x, τ) =
√
l3 ψi(r, t),
the expression (1) can be rewritten as the following di-
mensionless coupled expressions:
i
∂φ1
∂τ
=
[
− 1
2
∇2x + 1
2
(ρ2 + λ21z
2) + g11|φ1|2 + g12|φ2|2
+
∫
d3y
1− 3 cos2 θ
|x− y|3
(
d11|φ′1|2 + d12|φ′2|2
) ]
φ1, (6)
and
i
∂φ2
∂τ
=
[
− m1
2m2
∇2x + σ
2
(ρ2 + λ22z
2) + g21|φ1|2 + g22|φ2|2
+
∫
d3y
1− 3 cos2 θ
|x− y|3
(
d21|φ′1|2 + d22|φ′2|2
) ]
φ2, (7)
where φi ≡ φi(x, τ) and φ′i ≡ φi(y, τ).
A. Dipolar and contact interaction parameters
In our analysis, two kind of coupled atomic system are
being treated. First, with the erbium 168Er and dys-
prosium 164Dy, assumed with moment dipoles µ = 7µB
and µ = 10µB , respectively (µB is the Bohr magneton).
Next, both components of the coupled system are from
isotopes of the same atomic species, 164Dy and 162Dy,
such that the moment dipoles are the same µ = 10µB for
both components. As a rule we define as component 1 in
the mixture the more massive atomic species.
For the angular frequencies of the axial traps, we use
ω1 = 2pi×60 s−1 for the 168Er and ω2 = 2pi×61 s−1 for
164Dy and 162Dy, corresponding to σ ≈ 1, with equal
aspect ratios for both components: λ ≡ λ1 = λ2. The
time and space units will be such that ω−11 = 2.65ms
and l = 1µm (= 104A˚ = 1.89 × 104a0). In case of
purely dipolar BECs, we take all the two-body scatter-
ing lengths aij = 0. In several other cases we fix the
scattering lengths between 10a0 and 110a0, where a0 is
the Bohr radius. In order to compare the dipolar and
contact interactions, the parameters for the intra- and
inter-species dipolar interactions are given in terms of
the length scale. For the moment dipole of the species,
in terms of the Bohr magneton µB , we assume µ = 7µB
for 168Er, with µ = 10µB for both species of dyspro-
sium, 164,162Dy. The two-body scattering lengths aij and
dipolar interactions a
(d)
ij , given in units of a0, are related
to the corresponding dimensionless parameters gij and
dij as: a11/a0 ≈ 1504g11/N1, aij 6=11/a0 ≈ 1486gij/Nj ,
a
(d)
11 /a0 ≈ 6301d11/N1, a(d)22 /a0 ≈ 6151d22/N2, a(d)12 /a0 ≈
6301d21/N1 = 6301d12/N2.
B. Numerical method and approach
For the numerical approach, used to obtain our re-
sults when solving the full-3D coupled Eqs. (6) and (7),
we have employed the split-step Crank-Nicolson method,
which is detailed in similar non-linear studies, as in
Refs. [17, 47, 48], where one can find more extended anal-
ysis and details on computer techniques convenient for
nonlinear coupled equations, facing stability and accu-
racy of the results. In view of the particular integro-
differential structure of the coupled nonlinear differen-
tial equations when having dipolar interactions, we had
to combine our approach in solving coupled differential
equations with a standard method for evaluating dipolar
integrals in momentum space [25, 49, 50].
By looking for stable solutions, the 3D numerical sim-
ulations were carried out in imaginary time with a grid
size having 128 points for each dimension, where we have
∆x = ∆y = ∆z = 0.2 for the space-steps and ∆t = 0.004
for the time-step. The results were quite stable, verified
by taking half of the mentioned grid sizes.
As a preliminary calculation, which also help us to
check the numerical code, we reproduce the stability di-
4agram obtained in Ref. [25] for a spherically symmet-
ric trap (λ = 1), where only one atomic species was
used, 52Cr, for the coupled system, with the two species
(m1 = m2) having opposite polarizations along the z
direction. Besides that, in our analysis, we have also ver-
ified the stability of the numerical results by studying
the effect of varying λ. In this regard, once verified that
pancake-type configurations are required for stable dipo-
lar configurations, the miscibility in cigar-type traps is
being analyzed only for non-dipolar systems.
III. MISCIBILITY OF COUPLED SYSTEMS
A. Homogeneous case with hard-wall barriers
In order to characterize the transition between misci-
ble and immiscible states, let us consider a simpler case,
for the homogeneous 3D system with V1(r) = V2(r) = 0
and hard-wall barriers, following the simplified energetic
approach presented in Ref. [15]. Within this approxi-
mation, the miscible-immiscible transition (MIT) can be
characterized by a threshold parameter, which is defined
by the relation between the two-body repulsive interac-
tions. The criterium for miscibility, also quoted in some
recent works on binary BEC mixtures (see, for instance,
Refs. [19, 21]), was previously obtained from stability
analysis of the excitation spectrum in Ref.[14]. It can be
easily generalized to include all the two-body repulsive
interactions.
As in the present case we are interested in mixed
configuration with contact and dipolar interactions, we
should first obtain a simple relation for the dipolar inter-
actions appearing in the formalism. For that, we follow
the approach given in Ref. [25] to deal with the integro-
differential formalism where we have a divergence of the
integrand in the zero limit for the inter-particle distances.
The convolution theorem and Fourier transforms are ap-
plied for the magnetic dipolar potential and for the den-
sity components |ψi|2. The Fourier transform of the dipo-
lar potential (4) is given in terms of a cut-off parameter,
which is of the order of the atomic radius. As this pa-
rameter is much smaller than a significant length scale of
the system, one can safely consider the limit where it is
zero, such that the dipolar potential between the atomic
species i and j is given by
V(d)ij (k) = Dij
4pi
3
(3 cos2 θk − 1) ≡ Dij 4pi
3
f(θk), (8)
where θk is the angle between the wave-vector k and the
dipole moment.
Therefore, by including together the contact and dipo-
lar interactions, the condition for MIT can be written
as
∆ =
|G11 +D11f(θk)| |G22 +D22f(θk)|
[G12 +D12f(θk)]
2 − 1, (9)
where ∆ = 0 defines the critical value for the transition
from miscible (∆ > 0) to immiscible (∆ < 0) systems.
The mixed coupled state will have a lower total energy
when the mutual repulsion between atoms is large enough
such that we have ∆ < 0, which is characterizing the
system in an immiscible phase. The system will be in
a miscible phase when ∆ > 0, with a critical border for
the transition given by ∆ = 0. The MIT occurs when
the inter-species and intra-species interactions are bal-
anced. As verified, the two-body interactions are just be-
ing scaled by the dipolar interactions, in this simple case
that the system is confined by hard-wall barriers. The
observation that the dipolar interactions are not playing
a significant role results from the fact that the dipole-
dipole interactions averaged out for homogeneous gases.
However, for numerical comparisons with more general
miscibility conditions, it is still quite useful, as it does
not depend on the number of atoms and condensate size.
B. Miscibility in general coupled systems
The miscible to immiscible transition for a coupled
system, as defined by the critical limit ∆ in Eq. (9), is
changed from a first-order transition that occurs for ho-
mogeneous system to a second-order one when the kinetic
energy is taken into account, as discussed in Ref. [20].
Therefore, in order to evaluate the miscibility of a cou-
pled system for a more general case, we define a param-
eter which gives an approximate measure of how much
overlapping we have between the densities of both com-
ponents. By the definition of a parameter related to the
densities we are modifying the one suggested in Ref. [20],
where the overlap between the wave-functions was con-
sidered. Both definitions are equivalent in particular
cases. Our parameter to define the miscibility of a cou-
pled system is given by
η =
∫
|φ1||φ2| dx =
∫ √
|φ1|2|φ2|2 dx. (10)
As φ1 and φ2 are both normalized to one, also having
the same center, this expression implies that η = 1 for
the complete overlap between the two densities, decreas-
ing as the overlap diminishes. Therefore, we can define
the system as almost completely immiscible when η  1
(close to zero); and, almost completely miscible when η is
close to one. This parameter is extending to general non-
homogeneous mixtures the MIT criterium (9) discussed
for homogeneous systems. With η, intermediate cases
can be determined when the system is partially immis-
cible or partially miscible. From our observation, which
will follow from the analysis of results obtained for the
densities in the next sections, when η . 0.5 the system
shows already a clear space separation, with the compo-
nents having their maxima in well separated points in the
space, such that we can already define the coupled sys-
tem as immiscible. For η between 0.5 and 0.8, the two
densities start having an increasing overlap with their
maxima approaching each other, such that we can define
the system within this interval as partially miscible. The
5maxima of the densities are close together for η & 0.8,
when we assume the system is miscible.
As a side remark, we should observe that we are treat-
ing two condensates with different atomic species sym-
metrically distributed around the center. As a general ex-
pected behavior, the density of the more massive species
should be closer to the center, with the other density
being pushed out. This can be explained even before ac-
tivating particular interactions between the atoms, as the
kinetic energy of the massive species is smaller than the
corresponding kinetic energy of the less massive species.
Next two sections are dedicated to present our main
results on the miscibility of coupled dipolar and non-
dipolar BECs. When choosing non-zero dipolar parame-
ters, the results are exemplified by two mixtures for a bet-
ter characterization of the miscibility properties. Within
the actual experimental possibilities in BEC laborato-
ries, we consider the erbium-dysprosium (168Er-164Dy)
and dysprosium-dysprosium (164Dy-162Dy) mixtures.
IV. MISCIBILITY RESULTS - ROLE OF THE
TRAP SYMMETRY
The results analyzed in this section for the miscibility
properties of coupled atomic condensates are more con-
cerned with the role of the symmetry of the harmonic
trap, considering different configurations for the possi-
ble internal interactions (contact and dipolar) between
the atoms of both species. The contact interactions are
characterized by the atomic two-body scattering lengths,
with dipolar interactions due to the magnetic dipole mo-
ment of each atomic species. In the following, we split
the section in three subsections for clarity. In part A,
we consider miscibility in the case we have no contact
interactions, starting with a discussion on the stability
of such dipolar systems in terms of the trap-aspect ratio
and number of atoms. As shown, for realistic number of
atoms, we need pancake-shaped traps. Next, in part B,
our analysis is concentrated in non-dipolar coupled struc-
tures, where we can examine cigar-type and pancake-type
BEC configurations. We conclude the section with part
C, by analyzing our results for the case that we have both
dipolar and contact interactions.
A. Miscibility in pure dipolar interactions
1. Stability analysis
The homogeneous case of purely dipolar condensate
is unstable due to anisotropy of the DDI. However, in a
way similar as the case of homogeneous non-dipolar BEC
that are unstable (for attractive two-body interactions,
a < 0), the instability usually can be overcome by ap-
plying some external trap, which will help to stabilize
the dipolar BEC by imprinting anisotropy to the density
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FIG. 1. (Color online) Stability limits for the coupled pure-
dipolar (aij = 0) BEC systems,
168Er-164Dy (upper panel,
where 168Er is the species 1) and 164Dy-162Dy (lower panel,
where 164Dy is the species 1), showing the critical fraction
of atoms N2/N as functions of the trap aspect ratio (λ). In
both panels, the given lines refer to four fixed values for the
number of atoms of the species 1: N1=1000 (red line with
circles), N1=3000 (blue line with triangles), N1=8000 (green
line with stars) and N1=10000 (magenta line with squares).
For each one of the critical curves, only the lower-right region
gives stable BECs. For the dipolar parameters, we have a
(d)
11 =
66a0, a
(d)
22 = 131a0 and a
(d)
12 = 94a0, in panel (a); and a
(d)
11 =
132a0, a
(d)
22 = 131a0 and a
(d)
12 = 131a0 in panel (b).
distribution [30]. This is applicable for single and multi-
component dipolar BECs. On the stabiliy of two con-
densates purely dipolar, separated by a distance, we can
mention Ref. [34]. For the case of single component dipo-
lar condensates, it was previously shown in Refs. [23, 24]
that, by increasing the aspect ratio λ one can obtain a
more stable configuration due to the dipole-dipole inter-
action becoming effectively more repulsive.
As shown by the stability diagrams given in the
two panels of Fig. 1, pure dipolar condensates require
pancake-type traps to be stable, with the coupled mix-
ture becoming less stable when the dipolar strengths (in-
ter and intra-species) are close to the same values (for
some fixed ratio of number of atoms in both species).
This effect is mainly due to the inter-species repulsion in
comparison with the corresponding intra-species ones.
To become clear this effect, our results are given for
the coupled equations (6) and (7), considering the dipo-
lar BEC mixtures with 168Er-164Dy (upper panel) , where
168Er (1st component) and 164Dy (2nd component) and
6164Dy-162Dy (lower panel), where 164Dy (1st component)
and 162Dy (2nd component). The fraction number of
atoms N2/N , where N ≡ (N1 +N2) is shown as a func-
tion of the aspect ratio λ, considering four sample fixed
values for the component 1 of the mixture, which are
given by N1 =1000 (red lines with circles), 3000 (blue
lines with triangles), 8000 (green lines with stars) and
10000 (magenta lines with squares). In both the cases, we
use purely dipolar BECs (aij = 0). The dipolar parame-
ters of the 168Er-164Dy coupled system are a
(d)
11 = 66a0,
a
(d)
22 = 131a0 and a
(d)
12 = 94a0. Also, the dipolar pa-
rameters of the 164Dy-162Dy mixtures are a
(d)
11 = 132a0,
a
(d)
22 = 131a0 and a
(d)
12 = 131a0. From both the panels,
one can extract the information that the stability of pure-
dipolar mixtures is mainly affected by the inter-species
strengths of the dipolar interactions (in comparison with
the corresponding intra-species strengths). The systems
are more stable if less repulsion occurs between inter-
species atoms. By comparing the lower with the upper
panel, we can verify the effect of reducing by about half
the dipolar strength of one of the component, increas-
ing the stability of the system. The maximum effect can
be seen for N2 = 0 (N = N1), implying that a system
with 10000 atoms of 168Er can only be stable within a
pancake-like trap with λ & 13, whereas with the same
number of 164Dy atoms the stability can only be reached
for λ & 19.
For a fixed aspect ratio λ, the two-component BEC
can become unstable by increasing the fraction N2/N ,
where the critical number varies according to the frac-
tion N1/N . Also, there is a critical trap aspect ratio (λc)
for the stability, As one can verify from the upper panel,
for the 168Er-164Dy mixture with N1 = 3000, 8000, and
10000 the, this critical aspect ratio starts from λc ≈
7, 11, and 13 respectively. On the other case, for the
164Dy-162Dy mixture with the same sets of N1( = 3000,
8000, and 10000), the critical lower limit for stability
starts with λc ≈ 10, 17, and 19 respectively. This vari-
ation in the λc is obviously explained by the difference
in the dipolar strengths of both the cases, with the 168Er
component having about half of the dipolar strength of
162,164Dy.
From the upper panel in Fig. 1, for the same to-
tal number of atoms of 168Er-164Dy mixture, one can
verify that, for stability, λc is reduced (less deformed
pancake-type trap) when considering N1 > N2; im-
plying larger fraction of 168Er atoms. As an example,
for (N1, N2) = (3000, 8000) we have λc ≈ 16; and for
(N1, N2) = (8000, 3000) we have λc ≈ 14. This behavior
results from the respective strengths of the dipolar inter-
actions of both components, with the erbium component
having a
(d)
11 = 66a0, which is smaller than the correspond-
ing value for the dysprosium component (a
(d)
22 = 131a0).
For the other case shown in the lower panel of Fig. 1,
as both components have about equal DDI strengths, λc
depends essentially only on the total number of atoms.
This stability analysis will be considered in the fol-
lowing study on the miscibility of two coupled mixtures.
However, it can also be of interest for corresponding ex-
perimental investigations (for the specific mixtures we
have considered or for other similar dipolar mixtures).
2. Structure of coupled pure-dipolar condensates
Once analyzed the stability for pure dipolar coupled
systems, in this subsection we characterize the role of
the trapping aspect ratio λ in the structure and miscibil-
ity of a pure-dipolar coupled condensate. Therefore, as
in the preceding subsection, all the two-body scattering
lengths (aij = 0) are fixed to zero and we consider both
coupled systems with 168Er-164Dy and 164Dy-162Dy. Our
numerical results for the structure of the coupled system
can be visualized through density plots, with the immisci-
ble and miscible regimes characterized by the parameter
η defined by Eq. (10). In Fig. 2 we present 3D surface
plots for the densities |φ(x, y, 0)|2 in the [frames (a), (c),
(e), (g)] and |φ(x, 0, z)|2 [frames (b), (d), (f), (h)], given
respectively in the (x, y) and (x, z) surfaces. These plots
are providing a 3D visualization of the density overlap-
ping and distribution of the two-components. More close
to the center, we have the more massive component (in
red) of the mixture, which is enhanced when the sys-
tem is more immiscible. How close to the center is the
other species (in green) will depend on how miscible is the
mixture, being clearly identified for immiscible mixtures.
This can be verified by comparing the set of panels (a-d)
for 168Er-164Dy with the ones (e-h) for 164Dy-162Dy.
Corresponding to the panels of Fig. 2, we also have
the one-dimensional (1D) plots for the densities in Fig. 3,
which are given as functions of one of the dimensions, x
or z, with the other two dimensions at the center. From
these 1D densities, the amount of overlapping between
the densities can better be observed, being more help-
ful when comparing different parameter configurations.
Both systems, 168Er-164Dy and 164Dy-162Dy, represented
in Figs. 2 and 3, are been shown for pancake-shaped traps
with λ = 7. The number of atoms that was considered
was dictated by the stability of the mixtures (as one can
follow from Fig. 1), such that we can study the density
properties when the mixtures are stable but not far from
the border where they can become unstable.
In Fig. 2, panels (a-d), for the 168Er-164Dy mixture we
use two different set of parameters for the dipolar interac-
tions, such that we have the same value for the miscibility
parameter (η = 0.77). In the upper frames (a-b) we have
d11 = 31.42, d12 = 0.89, d22 = 1.278 and d21 = 44.76,
with N1 = 3000 and N2 = 60; in the lower frames (c-d),
d11 = 28.2, d12 = 0.59, d22 = 0.85 and d21 = 40.2, with
N1 = 2700 and N2 = 40. The same densities are shown
in 1D plots, in the four panels (a-d) of Fig. 3, in corre-
spondence with the panels (a-d) of Fig. 2, to improve the
visualization of the overlap between densities. Both com-
ponents of the densities are given as functions of x (left
panels) and z (right panels), with the other dimensions
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FIG. 2. (Color online) Surface plots of the densities for two cases of pure-dipolar (aij = 0) coupled systems, confined by traps
with aspect ratio λ = 7. In the left panels we have the densities for z = 0 in the (x, y) surface, with the right ones for y = 0 in the
(x, z) surface. In panels (a-d) we have the 168Er-164Dy; considering N1 = 3000 and N2 = 60 in the panels (a-b) and N1 = 2700
and N2 = 40 in the panels (c-d). The internal (reddish) structure is dominated by the
168Er, with the surrounding (greenish)
by the 164Dy. In panels (e-h) we have the 164Dy-162Dy; with N1 = 1500 and N2 = 50 in the panels (e-f) and N1 = 1350 and
N2 = 50 in the panels (g-h). The internal (reddish) structure is dominated by the
164Dy, with the surrounding (greenish) by
the 162Dy. In the case of 168Er-164Dy, shown in (a-d), the magnetic dipolar parameters are a
(d)
11 = 66a0, a
(d)
22 = 131a0 and
a
(d)
12 = a
(d)
21 = 94a0. For both configurations (a-b) and (c-d) we obtain η ≈ 0.77. In the case of 164Dy-162Dy, shown in (e-h), the
interactions between particles are about the same, a
(d)
ij = 131a0. We obtain η ≈ 0.99 for both configurations (e-f) and (g-h).
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FIG. 3. (Color online) For the parameterizations used in Fig. 2, we have the corresponding 1D plots for the central densities,
as functions of x and z. The panels are in direct correspondence with the ones of Fig. 2. The 168Er-164Dy mixed system is
shown in the left four (a-d) panels, with 164Dy-162Dy given in the four right ones (e-h). The first component is shown by red
lines with empty circles, with the second shown by green lines with solid circles.
at the center. Note that the condensate is confined in a
pancake-type cylindrical trap, with aspect ratio λ = 7,
such that the distribution along the z−axis is more con-
centrated near the center (z = 0) than the other two
directions. As also characterized by the miscibility pa-
rameter, η = 0.77, in the present case the coupled system
is partially miscible. This is quite well represented in the
left four panels given in Fig. 3.
For the coupled system 164Dy-162Dy we use two other
different set of parameters in our analysis, showing the
densities of the two coupled components in 3D and 1D
plots in the panels (e-h) of Figs. 2 and 3, respectively.
These results are given in correspondence with the results
presented for the system 168Er-164Dy in the panels (a-
d) of Figs. 2 and Fig. 3. For the parameters, we have
d11 = 31.42, d12 = 1.040, d22 = 1.065 and d21 = 31.190,
with N1 = 1500 and N2 = 50, in the frames (e-f) of
Figs. 2 and 3; with d11 = 28.2, d12 = 1.040, d22 = 1.065
and d21 = 28.071, with N1 = 1350 and N2 = 50, in the
frames (g-h) of these figures. In this case, where we have
two isotopes of the same atom, we notice that the system
is completely miscible, having the same value close to one
for the miscibility parameter η = 0.99. The complete
overlap between the densities of the two components are
clearly shown in panels (e-h) of Fig. 3.
In these Figs. 2-3, by using the aspect ratio λ = 7,
for each one of the mixtures we can identify a non-trivial
structure emerging in the condensate near the bound-
ary of stability, with a local minimum at the center (for
both components) in the symmetrical x − y plane (see
left panels of both figures). At the z−direction, we have
a normal Gaussian shape, as seen in the right panels of
the figures.
In both the mixtures shown in Figs. 2 and 3, the up-
per panels (a-b) and (e-f) are for parameters very close to
the stability threshold, as indicated by the results given
in Fig. 1. Therefore, the structure observed for the den-
sity of the component 1, which has the largest fraction of
atoms in the coupled system, can be explained by fluc-
tuations close to the instability regime. For each system,
by going from smaller values, shown in panels (c-d) and
(g-h), to larger values, shown in panels (a-b) and (e-f), of
N1 (keeping N2 about the same), we are approaching the
unstable regime, visualized by the occurrence of oscilla-
tion peaks in the density of the dominant component in
the system. The observed number of four peaks around
the center is related to stability requirements when the
number of atoms is close to the maximum allowed limit
for a given trap asymmetry. By small variations of the
parameters near the stability, before the collapse of the
system, it is possible to increase such number of peaks.
In both sets of systems shown in Figs. 2 and 3, while
observing the peak oscillations occurring for the first
component, one can observe only the biconcave-shaped
condensate for the second component. In this regard, we
should also note that biconcave-shaped structures with
local minimum in dipolar BECs have already been re-
ported in the cases of single component condensates. In
Ref. [29], such structures are explained as due to roton
instability for certain specific pancake-type trap aspect
ratios λ (≈ 7, 11, 15, 19, ...,), being not observed for
other values of λ. In our analysis, we confirm the val-
ues reported in [29]. However, when considering single-
component BECs, we have also verified these type of
structures for other particular trap-aspect ratios, such
as λ ≈ 8, 12, 16, and 20. However, for the cases of fully
anisotropic traps, where two aspect ratios are considered,
this kind of density fluctuation has also been observed
in Ref. [35], for single component dipolar BECs. When
considering two-component systems, we have verified this
kind of structured states with no particular restriction on
the values of λ.
The biconcave structure occurs for particular aspect
ratios of the trap, due to the repulsive interaction be-
tween the dipoles. In the present study for a coupled
dipolar system, we observe that we have also the re-
pulsive inter-species DDI in addition to the intra-species
DDI, leading to the observed four peaks in the density
9oscillations. The biconcave structures with a local mini-
mum and few peaks are occurring near unstable regimes,
which makes the experimental reproduction non-trivial
to be observed.
In order to illustrate the behavior of the coupled densi-
ties, as we go from the parameter region close to the bor-
der of stability to a more stable configuration, we show
three illustrative density plots in Fig. 4 considering the
particular case with λ = 8 for the mixture 168Er-164Dy,
with fixed number of dysprosium atoms N2 = 950. From
the panel (a) to panel (c) we are varying the number
of erbium atoms from 3000 to 2000. We notice that,
by going from a more stable region [shown in panel (c),
where N1 = 2000] to a region near the instability [panel
(a), where N1 = 3000] the shape of the density distribu-
tion changes from a Gaussian to a biconcave format. By
approaching very closely the instability region (increas-
ing N1), one can observe the fluctuation in the density
around the center.
Besides the small mass difference between the atoms,
in these cases of pure-dipolar coupled systems, the main
difference is given by the respective dipolar interactions,
which is directly related to the magnetic moment dipoles
of the components. While for the 168Er-164Dy we have
quite different moment dipoles for the two atomic com-
ponents (one is about half of the other), for the mixture
164Dy-162Dy we have about the same dipolar parameters,
with the inter- and intra-species interactions balancing
each other. In view of that, the first mixture (with er-
bium) is expected to be more immiscible. This is reflected
in the corresponding values of η (=0.77 for 168Er-164Dy,
and =0.99 for 164Dy-162Dy). The results for η are consis-
tent with the approximate criterium that one could use
for homogeneous mixtures, where we have ∆ ≈ −0.014
for 168Er-164Dy, whereas ∆ ≈ 0 for 164Dy-162Dy. How-
ever, with the parameter η we can have a more realistic
indication of the partial overlap between the densities.
B. Miscibility in non-dipolar coupled systems
1. Role of the trapping aspect ratio
The effect of the geometry due to the external har-
monic trap potential on the phase separation of the mix-
tures is investigated in the next, by considering different
aspect ratios λ for the cases when the non-linearity is
given at least by repulsive two-body interactions. The
miscibility parameter, given by the factor η, indicat-
ing the amount of mixing in the densities of the two-
component, is presented as a function of λ in Fig. 5, for
the case that two-body contact interactions are fixed such
that a11 = a22 = 40a0 and a12 = 50a0, with fixed number
of atoms for both components. As discussed when this
parameter was defined, a complete overlap between the
densities implies in η = 1, being zero in the other limit
of a complete immiscible system. For the given non-zero
contact interactions, we observe that a complete misci-
ble coupled dipolar system cannot be obained within a
stable configuration, as the maximum value verified for
the miscibility parameter is below 0.6 for both dipolar
systems and number of atoms that we have considered.
However, as we have already pointed out in the previous
subsection, a value of η near 1 is possible to be obtained
in case of complete dipolar systems (when the contact
interactions are set to zero).
The purpose of this subsection is mainly to discuss full
non-dipolar systems, with results given in Fig. 5 for non-
zero dipolar interactions (for the 168Er-164Dy, as well as
for 164Dy-162Dy). These two kind of mixtures are of in-
terest to show how the dipolar interactions can modify
the miscibility behavior of a coupled BEC system. As
noticed by the red-solid line with empty circles given in
this figure (with dij = 0), for non-dipolar systems we can
also obtain stable almost immiscible states in cigar-type
configurations with λ < 1. With non-zero dipolar pa-
rameters, and considering the given contact interactions,
stable condensates are limited to pancake-type configu-
rations with λ > 6 for 168Er-164Dy mixture; and λ > 15
for the 164Dy-162Dy mixture. As we can see from these
results for a non-dipolar coupled system, the immiscibil-
ity is more evident when the trap is strongly deformed.
It can happen for pancake-type traps, as well as for cigar-
type traps. However, due to the stability of the conden-
sates, it should be more favorable to build immiscible
coupled condensates with pancake-type traps.
2. Miscibility in cigar- and pancake-type traps
For non-dipolar mixtures, we resume our analysis by
the 1D density plots given in Fig. 6, followed by a corre-
sponding 3D illustration in Fig. 7. For the parameters we
have both components with the same number of atoms
(N1 = N2 = 6000), and with repulsive two-body inter-
actions such that a11 = a22 = 40a0 and a12 = 50a0.
In Fig. 6, the panels (a), (b) and (c) display the central
densities (y = z = 0) as functions of x; with the panels
(d), (e) and (f) showing the densities (for x = y = 0) as
functions of z.
From these density plots, we can also infer how well the
miscibility parameter η, given by Eq. (10), can be quan-
titatively used to estimate the miscibility condition of a
two-component condensate. In the upper panels, (a) and
(d), for a cigar-type trap with λ = 0.1, we have η = 0.32,
which is quite well characterizing a situation when the
component densities have their maximum at distinct po-
sitions, with a small overlap between them. Correspond-
ingly, we observe similar relations between the value of
η = 0.43 and the distinct positions of the extremes for the
two components, in the case of a pancake-type trap with
λ = 20, shown in panels (c) and (f). On the other hand,
for λ = 1, shown in the panels (b) and (e), we can ob-
serve a strong superposition of the two components, with
their maxima at the same position, with the miscibility
parameter close to one ( η = 0.99).
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FIG. 4. (Color online) Surface-density plots for the pure-dipolar (aij = 0) coupled system
168Er-164Dy, with λ = 8 and fixed
N2 = 950 (dysprosium component), shown in three plots as N1 (erbium component) is varied: (a) N1 = 3000 (left panel), (b)
N1 = 2900 (center panel), and (c) N1 = 2000 (right panel). The internal (red) part is dominated by
168Er, with the surrounding
one (green) by 164Dy. The biconcave-shaped structure changes to a Gaussian one as we go to a more stable configuration.
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FIG. 5. (Color online) The miscibility parameter η is shown
as a function of λ, for three configurations, with fixed number
of atoms (N1 = N2 = 6000) and contact interactions (a11 =
a22 = 40a0 and a12 = a21 = 50a0). For non-dipolar (a
(d)
ij = 0)
systems η is given by a solid-red-circled line. The solid-blue-
with-bullets line, for 168Er-164Dy [a
(d)
11 = 66a0, a
(d)
22 = 131a0
and a
(d)
12 = a
(d)
21 = 94a0]. The solid-green-with-triangles, for
164Dy-162Dy [a
(d)
11 = 132a0, a
(d)
22 = 131a0 and a
(d)
12 = a
(d)
21 =
131a0]. Stability of the dipolar mixtures restrict the study of
η to pancake-type traps, having λ > 6 for 168Er-164Dy and
λ > 15 for 164Dy-162Dy.
The two 3D illustrations shown in Fig. 7, for the strong
deformed cases with λ = 0.1 (cigar type) and λ = 20
(pancake type) are also characterizing the corresponding
density distributions.
By considering the above discussion on the usefulness
of the miscibility parameter η, in the next density results
that will be shown we rely on the value of this parameter
as a relevant quantitative observable for the miscibility
analysis and corresponding surface visualization of the
densities. As observed, for that we can take η < 0.5
as being almost immiscible, with maxima for the two
components in well distinct positions. In the other ex-
treme, the system can be considered as almost miscible
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FIG. 6. (Color online) 1D plots of the coupled densities
for a non-dipolar case, considering three values for the aspect
ratio: cigar-type λ = 0.1, where η = 0.32 [panels (a) and (d)];
symmetric-case λ = 1, where η = 0.99 [panels (b) and (e)];
and pancake-type λ = 20, where η = 0.43 [panels (c) and (f)].
The two-body contact parameters and number of atoms Ni
are as in Fig. 5. The first component is shown by red lines
with empty circles, with the second one shown by green lines
with solid circles. In Fig. 7 we add 3D illustrations for the
stronger deformed cases, with λ =0.1 and 20.
for η > 0.7. The other intermediate cases can be taken
as partially miscible systems.
C. Miscibility in coupled BEC with dipolar and
contact interactions
The miscibility behavior of the coupled condensate in
terms of the aspect ratio λ is further investigated in
Fig. 8 for dipolar systems in addition to the repulsive
two-body contact interactions already used in Figs. 6-
7 (a11 = a22 = 40a0, a12 = 50a0). In this case,
11
λ = 0.1 λ = 20
FIG. 7. (Color online) Corresponding to Fig. 6, we include
3D illustrations for the stronger deformed cases, with λ =0.1
(left panel) and 20 (right panel).
we consider the coupled system 168Er-164Dy, with the
dipolar parameters given by a
(d)
11 = 66a0, a
(d)
22 = 131a0
and a
(d)
12 = a
(d)
21 = 94a0 (respectively, corresponding
to d11 = 62.8, d22 = 127.8, d12 = d21 = 89.5). By
considering the same atom number for the components
N1 = N2 = 6000, as verified before, stable results are
possible only for pancake-type trapping potentials with
λ > 6. In general, pancake traps provide strong axial
confinement and help to increase the repulsive interaction
along radial directions which guides to phase separation
between the mixtures. In Fig. 8, by increasing the values
for the aspect ratio (such as λ = 6, 10 and 20), we can
verify how the structure of the densities for the two com-
ponents varies in an immiscible condition. The above
observations for dipolar and non-dipolar BECs explain
their specific characteristics. In particular, for erbium-
dysprosium coupled dipolar condensate in stable config-
urations (λ > 6), we are clarifying that it presents im-
miscible density structures, which are more pronounced
for larger values of the trap-aspect ratio.
V. MISCIBILITY RESULTS - ROLE OF THE
INTER-SPECIES INTERACTION
Besides the trap symmetry, another quite relevant pa-
rameter for the miscibility of coupled condensates is given
by the inter-species interaction. In this case, when con-
sidering a system with fixed dipolarity, the appropriate
parameter, which can be tuned via Feshbach resonance
techniques [5], is given by the inter-species contact in-
teraction. Therefore, our aim in the following analysis
is to characterize the role of the inter-species scattering
length a12 for the miscibility. For that, we assume both
species have the same intra-species scattering lengths,
a11 = a22 = 40a0, choosing a particular large pancake-
type trap with λ = 20 and fixed number of atoms for
both components, N1 = N2 = 6000. These parameters
are dictated by the previous stability analysis, looking
for stronger characterization of miscibility properties.
The general behavior for the miscibility can be ver-
ified by the parameter η, which is shown in Fig. 9 as
a function of the ratio a12/a0, considering three panels
with different values for aii/a0 =40, 10 and 0. The pa-
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FIG. 8. (Color online) 1D plots for the densities of the coupled
system 168Er-164Dy system, with both components having the
same number of atoms, N1 = N2 = 6000, and subject to
non-zero dipolar interactions, given by a
(d)
11 = 66a0, a
(d)
22 =
131a0 and a
(d)
12 = a
(d)
21 = 94a0. In this case, we have also
non-zero intra- and inter-species contact interactions, with
a11 = a22 = 40a0 and a12 = 50a0. The results are for three
different pancake-type traps, with λ = 6, where η = 0.55
(upper frames); λ = 10, where η = 0.43 (middle frames); and
λ = 20, where η = 0.33 (lower frames). The components are
being identified inside the upper panels.
rameter η, for the overlap between the two-component
densities, is represented by considering five cases as in-
dicated inside the frames, where in the lower frame we
have the dipolar parameters valid for the three frames.
When both components are dipolar, the mixture 168Er-
164Dy is represented by the red curves with empty cir-
cles, with the mixture 164Dy-162Dy represented by black
curves with solid squares. When both components are
non-dipolar, we show with green-curves with triangles.
When only a single component has dipolar interactions,
we have two cases, represented with blue curves with
filled circles (a
(d)
11 = 66a0, a
(d)
22 = 0,) and magenta line
with empty triangles (a
(d)
11 = 131a0, a
(d)
11 = 0).
We should point out that the miscibility is going down
slowly (increasing the immiscibility of the mixture) to an
approximate constant value for a12 → ∞. Even in the
non-dipolar case: with aii =40, 10 and 0, we have η ∼
0.14, 0.10 and 0.04, respectively. This can be understood
from the residual mixing of the two-component wave-
functions near the unitary limit of the inter-species (when
a12 → ∞). In this limit for the inter-species, we should
notice that we have the well-known Efimov effect [51],
with increasing number of three-body bound and reso-
nant states mixing the two component system. Already
observed in cold-atom laboratories [52], this a pure quan-
tum effect that occurs near zero two-body binding, when
12
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FIG. 9. (Color online) The miscibility η is shown as a function
of a12 in three frames, with fixed intra-species contact inter-
actions, a11 = a22 = 40a0 (a), 10a0 (b) and 0 (c). The aspect
ratio is λ = 20, with number of atoms N1 = N2 = 6000. The
dipolar parameters used for the curves shown in each panel
are given inside the lower frame. When the system turns out
to be unstable, the lines are interrupted or no-results shown.
the effective potential goes as the inverse-square of the
distance, and we have a long extension of the correspond-
ing two-body wave functions. The role of this effect on
coupled systems deserves further analysis in experiments,
in particular when varying the mass-ratio of the mixture,
as the resonant states have well-known theoretical predic-
tions [53] also for mass-asymmetric mixtures.
Next, we can examine the role of the magnetic dipo-
lar interactions in the miscibility of the two components.
First, we should remind that these interactions between
the magnetic dipoles are long-range ones, which go as the
third power of the distance between the dipoles. They
should act more effectively when the components are
close together, but have residual effects due to long range
behavior, which makes the miscibility be reduced to a
non-zero constant value for a12 → ∞, in a way similar
to the non-dipolar case in this limit, such that we have
combined effects of two long-range interactions. In the
other extreme, we can see the role of dipolar interactions
in the miscibility by looking the region where a12 = 0 in
the lower panel. When we have no inter-species dipolar
interactions (with only one of the species having magnetic
moment) there is no coupling between the systems, such
that the overlap between the densities is partial. One of
the densities is given by a linear trapped equation; with
the other given by a non-linear equation (confined by the
same harmonic trap, but additionally having the repul-
sive dipolar interaction). As larger is the effect due to
repulsive dipolar interactions, less miscible is the system.
When both intra-species dipolar interaction are switched
on, we have also the corresponding inter-species param-
eter coupling the system, with the net repulsive effect
being averaged out.
Another aspect verified in the panels of Fig. 9 refers to
the stability of the system, which can be observed for this
specific case that we have a pancake-shaped trap with
λ = 20 and fixed number of atoms Ni = 6000. When
we have single dipolar interaction with larger strength
as a
(d)
22 = 131a0, the stability can happen only for some
limited values of the contact interactions, as indicated
in the three panels by the maximum values obtained for
a12. For aii = 0 (lower panel), a12 ≤ 10a0; for aii = 10a0
we obtain a12 ≤ 50a0; with no limit in a12 when aii =
40a0. These upper limits in a12 for the stability result
from the specific trap conditions and number of atoms
we are considering, as one could trace, approximately,
from the stability results shown in Fig. 1. Therefore, by
reducing the number of atoms for the component 2, we
could increase the upper limits for a12.
In general, from Fig. 9 one can observe that the im-
miscibility will significantly increase by increasing a12 in
all the verified situations. Also, by taking a fixed value
for this inter-species contact interaction with a12 > aii,
from the three panels one can verify that by decreasing
the intra-species contact interactions a11 = a22, the im-
miscibility of the system increases (η decreases).
Density profiles of the coupled system are represented
in the next Figs. 10 - 13, where we show results consider-
ing three values of the two-body inter-species scattering
lengths, with the corresponding intra-species contact in-
teractions aii kept fixed at 40a0. In all these cases, in or-
der to facilitate the comparison of the results, we assume
the same three values for a12 (= 10a0, 43a0 and 60a0)
and maintain the trap-aspect ratio fixed to a pancake-
type, λ = 20, with the number of particles given by
N1 = N2 = 6000, as in the plotted results of Fig. 9.
For a better quantitative comparison of the results, we
present the densities in 1D plots, as functions of x (left
panels) and z (right panels). In Fig. 10, we have the case
of non-dipolar systems; in Fig. 11 when considering just
one of the components being dipolar. In Figs. 12 and
13, we consider two cases, when both components are
dipolar, with parameters corresponding to the mixtures
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168Er-164Dy and 164Dy-162Dy, respectively.
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FIG. 10. (Color online) 1D plots of the densities for a non-
dipolar system, by varying the inter-species two-body inter-
actions, with a12 = 10a0, where η = 1.0 (upper frames);
a12 = 43a0, where η = 0.77 (middle frames); and a12 = 60a0,
where η = 0.28 (lower frames). The other scattering lengths
are fixed, with a11 = a22 = 40a0. The trap aspect ratio is
λ = 20, and the number of condensed atoms is the same,
N1 = N2 = 6000, for both
168Er and 164Dy components. The
components are being identified inside the upper panels.
First, by considering non-dipolar BECs, in Fig. 10,
with three values for the inter-species scattering length,
(a12 varying between 10 and 60a0, with a11 = a22 =
40a0). The transition is expected to occur close to
a12 ≈ a11 (m1 ≈ m2). This is consistent with the re-
sults shown in this figure, where we can verify that for
a12 > a11 there is already a clear separation between
the two species, with η = 0.28 for a12 = 60a0. It is also
shown that for a12 = 10a0 the mixture is completely mis-
cible (η = 1), having a sudden transition for a12 = 43a0
(just above a11 = 40a0) to a partial immiscible state.
By further increasing a12, an almost complete immisci-
ble state is reached (for a12 = 60a0, η = 0.28) .
Next, in Fig. 11, we study the case where only the com-
ponent 1 is dipolar. By comparing with the non-dipolar
case, we can observe the effect of the dipolar interaction
in breaking the sudden transition verified when increas-
ing the inter-species contact interaction, such that the
transition is much softer than the one shown for the non-
dipolar case.
In order to observe the effect in the miscibility when
changing the inter-species scattering length for the cases
that both components are dipolar, we present 1D plots
for the densities in Figs. 12 and 13. For the kind of mix-
ture considered in 12 , the 168Er-164Dy, we notice that
the system is partially miscible even at a12 < a11, be-
coming almost immiscible for a12 > 30a0. However, in
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FIG. 11. (Color online) 1D plots of the densities, with compo-
nent 1 being dipolar and component 2 non-dipolar, such that
a
(d)
11 = 66a0, a
(d)
22 = a
(d)
12 = a
(d)
21 = 0, by considering three dif-
ferent inter-species two-body interactions: a12 = 10a0, where
η = 0.91 (upper frames); a12 = 43a0, where η = 0.81 (middle
frames); and a12 = 60a0, where η = 0.59 (lower frames). As
in Fig. 10, λ = 20, N1 = N2 = 6000, and the intra-species
contact interactions are fixed with a11 = a22 = 40a0. The
components are being identified inside the upper panels.
case of 164Dy-162Dy mixture, we observe that the sys-
tem is almost miscible for small inter-species scattering
lengths, becoming immiscible as we increase the inter-
species scattering length. Therefore, we clearly noticed
from these two figures, the immiscibility increasing when
the inter-species scattering length become dominant in
respect to the dipolar interactions.
VI. SUMMARY AND CONCLUSION
In the present work, our approach was to evidence
the miscibility properties of a coupled condensate with
two different species of atoms, having contact or dipolar
pairwise interaction between them. The confining poten-
tial for the coupled system is assumed having harmonic
shape, being symmetric in a plane with an asymmetry
along the third axis by a given trap-aspect parameter
λ. Within our 3D Gross-Pitaevskii-type formalism, the
nonlinearity is originated from two-body contact interac-
tions as well as from dipolar interactions. First, we did
an investigation related to the stability of dipolar cou-
pled systems, as one varies the trap-aspect ratio and the
number of atoms of both species. This study help us to
define stable configurations (and corresponding parame-
ters) that are more appropriate to study the miscibility.
In view of that, for realistic number of atoms in a mixed
BEC system, we found necessary to consider pancake-
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FIG. 12. (Color online) 1D plots of the densities, for the
case that both components have non-zero dipolar interactions,
with a
(d)
11 = 66a0, a
(d)
22 = 131a0 and a
(d)
12 = a
(d)
21 = 94a0, con-
sidering three different inter-species two-body contact inter-
actions, such that a12 = 10a0, where η = 0.84 (upper frames);
a12 = 43a0, where η = 0.41 (middle frames); and a12 = 60a0,
where η = 0.26 (lower frames). As in Figs. 10 and 11, λ = 20,
N1 = N2 = 6000, and the intra-species scattering lengths are
fixed such that a11 = a22 = 40a0. The components are being
identified inside the upper panels.
type configurations (λ > 1) for the coupled condensates,
when the dominant nonlinear interaction is dipolar. In
order to be more complete on the characterization of mis-
cibility, we have extended our study to non-dipolar sys-
tems in cigar-type configurations, where it was possible
to point out strong immiscibility for the coupled system.
Motivated by recent experimental studies with dipo-
lar systems, when considering dipolar atomic systems,
we focus our study in the two coupled mixtures given
by 168Er-164Dy and 164Dy-162Dy. In this respect, our
theoretical predictions can be helpful in verifying misci-
bility properties in on-going experiments under different
anisotropic trap configurations. When considering non-
dipolar coupled systems, our predictions on the misci-
bility can be more generally be investigated, considering
several non-dipolar atomic mixtures, as there are no sta-
bility requirements to constrain the values of the positive
contact parameters. For the sake of generalization, we
have also examined the case when only one of the species
is dipolar.
The stability properties had to be stablished for the
binary dipolar BEC system that we have investigated,
before studying the corresponding miscibility behavior,
considering the fraction number of atoms for each species
as functions of the trap-aspect ratio λ. We assumed both
species confined in traps having the same aspect ratio.
For the study of miscibility, we start by extending an
approach for the critical conditions of homogeneous cou-
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FIG. 13. (Color online) 1D plots of the densities for the case
of 164Dy-162Dy mixture, with a
(d)
11 = 132a0, a
(d)
22 = 131a0
and a
(d)
12 = a
(d)
21 = 131a0, considering different inter-species
two-body contact interactions, such that a12 = 10a0, where
η = 0.99 (upper frames); a12 = 43a0, where η = 0.91 (middle
frames); and a12 = 60a0, where η = 0.354 (lower frames). As
in Fig. 12, λ = 20, N1 = N2 = 6000, and the intra-species
scattering lengths are fixed such that a11 = a22 = 40a0. The
components are being identified inside the upper panels.
pled systems confined in hard-wall barriers, in order to
point out how to vary the contact and dipolar parame-
ters for a transition from miscible to immiscible configu-
rations. It was observed that the critical MIT conditions
remain unaffected by the dipolar interactions, once all
the parameters of the previous definition are rescaled by
incorporating the dipolar ones.
In order to measure the miscibility of a more general
confined coupled system, a relevant parameter η was de-
fined in terms of the two-component densities. This pa-
rameter is found appropriate for a quantitative estimate
of the overlap between the two densities of the coupled
system, which is equal to one for a complete miscible sys-
tem, reducing to zero when there is no overlap between
the densities (an immiscible configuration). It is worth-
while to comment that in our definition of η we are inte-
grating the square-root of the product of the component
densities. This was done in order to keep some similarity
with the definition given in Ref. [20], where the overlap
of the wave-functions was used. Therefore, one could use
η2 for a more realistic picture of the overlap region of the
densities. For a general system, this parameter is shown
to be adequate to verify the miscibility of a coupled sys-
tem than the usually simplified criterium obtained for
homogeneous systems from energy consideration, where
the kinetic energy is ignored.
By studying the miscibility for pure-dipolar coupled
system (zero two-body contact interactions), we first
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compare the properties of the two mixtures given by
168Er-164Dy and 164Dy-162Dy. Besides the small mass
difference between the atoms in both this two mixtures,
one should noticed that the main difference in their re-
spective dipolar interactions a
(d)
ij is due to the differences
in the magnetic moment dipole of erbium and dysprosium
atoms. As verified, the two mixtures have quite differ-
ent miscibility behavior, with 164Dy-162Dy being com-
pletely miscible (η = 0.99) and 168Er-164Dy partially
miscible (η = 0.77), when we fix to the same values
the other parameters (trap-aspect ratio and number of
atoms). Such behavior is clearly due to the inter-species
dipolar strength in comparison with the intra-species one.
In this pure-dipolar case, we are also pointing out some
non-trivial biconcave-shaped structures, with local min-
imum states for both components of the coupled system
and with the emergence of density oscillations (mani-
fested by a few peaks), when the system is near the sta-
bility border. This behavior is verified for both coupled
mixtures that we have examined, with no direct relation
with the miscibility of the species. Already reported in
Ref. [35], this kind of nontrivial biconcave configuration
has also being observed for single component dipolar sys-
tems, with the density fluctuations attributed to roton
mode of the condensates.
The role of the trap aspect ratio and inter-species con-
tact interaction for the miscible-immiscible phase transi-
tion was studied for different configurations, from non-
dipolar to pure dipolar systems. For dipolar cases, we
verify that pancake trap provides strong repulsive inter-
actions along the radial direction, leading to clear defined
immiscible phases between the components, which are
basically controlled by the trap-aspect ratio. We have
also verified that immiscible states can be well charac-
terized for cigar-type traps, for non-dipolar systems with
repulsive two-body contact interactions. In this case,
our results were restricted only to a non-dipolar case,
in view of stability conditions when considering enough
large number of atoms for the coupled system chosen in
the present study.
Finally, the present results on the miscibility are ex-
pected to be quite relevant in studies with dipolar and
non-dipolar coupled systems, in order to fix parame-
ters in possible going on experimental investigations.
Within this perspective, when considering dipolar sys-
tems, we choose atomic mixtures with large repulsive
dipolar strengths that are being investigated in BEC lab-
oratories. In a possible straightforward extension of this
work, we could alter the confining conditions of both con-
densates, with their center being separated by some dis-
tance, or by using different aspect ratios. As another per-
spective for future developments, we can mention studies
of systems under rotations, where rich vortex structures
will emerge, by following recent interest in the subject
that can be traced from [54] and references therein.
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